An introduction to the heavy quark effective theory and its symmetries is given.
Introduction
In the last few years there has been considerable progress in understanding the physical properties of hadrons containing a single heavy quark. Much of this progress has arisen from the development of the heavy quark effective theory (HQET) and the application of its spin-flavor symmetries. 1, 2 The heavy quark symmetries have implications for the physics of hadrons containing a single heavy quark in a kinematic regime where nonperturbative strong interaction physics is important. Here the situation is analogous to the application of the approximate light quark flavor symmetries (e.g., isospin or chiral SU(2) L × SU(2) R ). In this talk I will review the basic elements of the heavy quark effective theory and give some applications of its symmetries.
Like isospin or SU(3) symmetry the heavy quark symmetries are approximate.
Of the six quarks that exist in nature the top, bottom and charm can potentially be treated as heavy. The heavy quark symmetries arise in the limit of QCD where the heavy quark masses m Q are taken to infinity. In the real world, where the heavy quark masses are finite, corrections to the predictions based on heavy quark symmetry of order Λ QCD /m Q arise. Here Λ QCD refers to a typical hadronic scale not necessarily the parameter that occurs in the strong coupling constant. The top quark is very heavy, however, it's lifetime is so short that ideas based on heavy quark symmetry have little relevance for it's properties. (It doesn't live long enough to form a hadron.) The charm quark mass is not large enough for us to have confidence that the Λ QCD /m c corrections are negligible. However, by comparing the predictions of heavy quark symmetry with experiment eventually it will be possible to determine how good the m c → ∞ limit is. There are already several indications that heavy quark spin symmetry is a useful concept for the charm quark, however, the applicability of the flavor symmetry that relates the properties of hadrons containing a charm quark to those containing a bottom quark has hardly been tested.
In the next section two derivations of the heavy quark effective theory are presented. One derives the HQET by taking a limit of the Feynman rules of QCD to get the Feynman rules of the effective theory. The second derivation relates the heavy quark fields in the full theory to those of the effective theory. Spectroscopic applications are presented in the third section. This includes a discussion of some very recent work on the application of heavy quark symmetry to fragmentation. The fourth section contains a discussion of the sources of symmetry breaking. Applications to matrix elements relevant for exclusive weak semileptonic decays are discussed in Section 5. This includes a brief presentation of some predictions that arise when chiral SU(2) L × SU(2) R symmetry is combined with heavy quark symmetry. In Section 6 some very recent work on the application of HQET to inclusive semileptonic B decays is discussed. Unfortunately it indicates that a model independent extraction of V ub (the b → u Cabibbo-Kobayashi-Maskawa matrix element) from the endpoint region of the electron energy spectrum in semileptonic B decays is not possible.
Not all the recent exciting developments in heavy flavor theory are related to the heavy quark effective theory. There have also been recent advances in our understanding of the properties ofQQ quarkonium states. For example, over the past year it was realized that fragmentation functions like D c→ψ (z) are computable in terms of the ψ wave function at the origin and the charm quark mass (for essentially the same reason that ψ decay to three gluons is computable). Fragmentation to QQ states is discussed in the final section.
The Heavy Quark Effective Theory
Consider the situation where a heavy quark Q (i.e., m Q ≫ Λ QCD ) is interacting with light degrees of freedom associated with a momentum scale much less than the heavy quark mass. Then it is appropriate to take the limit of QCD where m Q → ∞ with the heavy quark's four velocity v µ held fixed. One way of deriving the effective theory that results from this limit is to directly take the limit of the Feynman rules of QCD. To do this we write the heavy quark's four momentum as
k is called the residual momentum and is a measure of how much the heavy quark is off-shell. The QCD propagator for the heavy quark is
Now substitute eq. (1) into this neglecting the residual momentum k (in comparison with m Q ) wherever possible. In the numerator of eq. (2) the residual momentum can be neglected giving m Q (/ v + 1). However, if the residual momentum is neglected in the denominator we get zero. Thus the leading part that survives in the denominator is the piece that is linear in the residual momentum 2m Q vk. Putting our expressions for the numerator and denominator together we get the propagator for the effective heavy quark theory
Note that it is independent of the heavy quark mass. The vertex for gluon heavy quark interactions is
in QCD. This vertex always appears between propagators in the calculation of any Green function. Because of (3) we can, in the effective theory where m Q → ∞,
Anticommuting the / v on the right through the γ µ using
The propagator in eq. (3) 
Eqs. (6) and (7) are the Feynman rules for the HQET. They are independent of the heavy quark mass m Q . Note also that the gamma matrices have completely disappeared indicating that the heavy quark's spin is conserved.
It is also instructive to understand the relation between heavy quark fields in the HQET and fields in QCD. For QCD the part of the Lagrange density that contains the heavy quark field Q is
where
is the covariant derivative. Writing 2
where / vh
The Lagrange density in eq. (8) becomes
Finally using the constraint in eq. (11) to insert factors of (/ v + 1)/2 on either side of the / D in the last line of eq. (12) the Lagrange density becomes 2
The Lagrange density in eq. (13) reproduces the Feynman rules in eqs. (6) and (7) and eqs. (10) and (11) give the relation between the heavy quark field in the effective theory, h
v , and the heavy quark field in the full theory Q.
Strong interactions of a heavy quark depend on its four velocity v µ but not on its spin or mass. Hence, if there are N f heavy quarks with the same four velocity, then the effective heavy quark theory has a SU(2N f ) spin flavor symmetry. In practice it is the charm and bottom quarks for which this symmetry is relevant. Because m c = 1.5GeV is not that large we expect significant Λ QCD /m c corrections to the predictions of heavy quark symmetry (which become exact in the m c → ∞ limit).
In the following sections several applications of heavy quark symmetry are given.
Corrections to the predictions of heavy quark symmetry are also discussed. Applications of heavy quark symmetry fall into two broad classes, spectroscopic applications and applications to weak decays.
Spectroscopy
Because of heavy quark spin symmetry (in the rest frame of the heavy quark) both the spin of the heavy quark S Q and the total angular momentum S commute with the Hamiltonian. For the spectroscopy of hadrons containing a single heavy quark Q the spin of the light degrees of freedom
plays an important role. Since both S and S Q commute with the Hamiltonian S ℓ also commutes with the Hamiltonian. Thus states at rest are labeled not only by their total spin s but also by the spin of the light degrees of freedom s ℓ . [3] For example the ground state heavy mesons with Qq(q = u or d) flavor quantum numbers have 
it is easy to see that
In eqs. ( states have the same mass.
In general the spectrum of hadrons containing a single heavy quark Q has (in the m Q → ∞ limit) for each spin of the light degrees of freedom s ℓ a degenerate doublet with total spins s + and s − where
(Except for the case s ℓ = 0 where the total spin must be 1/2.)
States in a doublet associated with s ℓ can decay to states in a lower doublet associated with s ′ ℓ by emission of light quanta (e.g., π, ππ, η, η ′ , ρ, etc.) with total angular momentum L. The decay amplitudes for the possible transitions are related
in the m Q → ∞ limit. Here R is a reduced matrix element that depends on s ℓ , s ′ ℓ , L and other possible quantum numbers that label the doublets. It is not surprising that the four transitions s ± = s ′ ± +Lm are determined by a single reduced matrix element. Because of heavy quark spin symmetry there is really only one fundamental transition
The angular distribution of the decay products is determined by
for fixed s 3 and s ′3 .
For Q = c an excited heavy meson multiplet with s ℓ = 3/2 and positive parity has been observed. It is composed of the spin two state D * 2 (2460) and the spin one state D 1 (2420). Eq. (18) predicts that the relative partial widths
are 2/5 :
and that
Eqs. (20), (21) and (22) (21) by (23) gives predictions for the relative decay rates that include the spin symmetry violation arising from the D * − D and
follows from eqs. (21) and (23) Heavy quark spin symmetry relates fragmentation probabilities for members of a doublet. It implies that the probability, P (H) Q,hQ→s,hs , of a heavy quark Q with helicity h Q (along the fragmentation axis) fragmenting to heavy hadron H in a doublet with spin of the light degrees s ℓ , total spin s and total helicity (along the fragmentation
Here P Q→s ℓ is the probability of the heavy quark fragmenting to a doublet with spin of the light degrees of freedom s ℓ . It is independent of the heavy quarks helicity but will depend on other quantum numbers needed to specify the doublet. p ℓ is the conditional probability that the light degrees of freedom have helicity h ℓ (given that Q fragments to s ℓ ). The probability interpretation implies that 0
Parity invariance of the strong interactions implies that
Eqs. (26) and (27) restrict the number of independent probabilities p h ℓ to be equal to s ℓ − 1/2 for mesons and s ℓ for baryons.
Heavy quark spin symmetry reduces the number of independent fragmentation probabilities. For mesons with spin of the light degrees of freedom s ℓ the fragmentation probabilities, P
Q,hQ→s,hs , are expressed in terms the s ℓ − 1/2 (s ℓ for baryons) independent p h ℓ 's and P Q→s ℓ .
For the D and D * mesons s ℓ = 1/2 and eqs. (26) and (27) 
The relative fragmentation probabilities
Eq. (28) determines the fragmentation probabilities for a helicity −1/2 charm quark in terms of those above. The relative fragmentation probabilities for the three D * helicities agree with experiment, however, the prediction that the probability for a charm quark to fragment to a D is one third the probability to fragment to a D L =h
In the leading logarithmic approximation 8
The corrections to the m Q → ∞ limit have a simple physical origin. The second term in eq. (31) is the kinetic energy of the heavy quark. It breaks the heavy quark flavor symmetry but not the spin symmetry. The last term is the energy that arises from the chromomagnetic moment of the heavy quark. The factor a 2 (µ)
arises because the operatorh
requires renormalization. There is no renormalization point dependence to the heavy quark kinetic energy coefficient because of reparametrization invariance. 9 This last term breaks both the heavy quark spin and flavor symmetries.
The second and third terms in eq. (31) influence hadronic masses. It is convenient to introduce dimensionless quantities K Q (H (Q) ) and G Q (H (Q) ) that take this into account. For hadronic states |H (Q) normalized to unity we define
and The s ℓ = 1/2 negative parity ground state meson doublet has spin zero and spin one mesons which we denoted by P (Q) and P * (Q) . Up to terms of order (Λ QCD /m Q ) 2 the masses of these mesons are
The lowest lying positive parity s ℓ = 3/2 excited meson doublet has spin two and spin one members that I denote by P * (Q) 2
and P 
and D 1 (2420) mesons). The masses of these hadrons are 10
In eqs. (34) and (35)Λ is a positive contribution to the heavy meson mass that is independent of m Q . It comes from the part of the QCD Hamiltonian involving only the light degrees of freedom. A rigorous lower bound onΛ(P (Q) ) has recently been derived. 11 In eqs. (34) and (35) we used G Q (P (Q) ) = −3G Q (P * (Q) ) and G Q (P (Q)
). These relations follow from the fact that hadronic matrix elements 
This operator causes the splitting between members of doublets
which is in agreement with experiment. It is probably a mistake to view this success as very important since a similar formula is known to hold even for light hadrons.
However, the validity of eq. (37) does provide some support for the usefulness of heavy quark flavor symmetry in relating properties of hadrons containing a b-quark to those containing a c-quark. We also have
We can take a linear combination of eqs. (34) and of eqs. (35) for which G b cancels out. Define
These relations (and the known dependence of K Q on m Q ) imply, for example that,
Similar mass formulae hold for the baryons. They are particularly simple for the ground state isospin zero baryon which has s ℓ = 0. For this Λ Q baryon G Q (Λ Q ) = 0 and
Combining eqs. (43), (39a) and (34) gives
The measured values of the Λ c , Λ b , D, D * , B and B * masses implies from eq. (44) that the difference between the heavy quark kinetic energies in the Λ b and B is small.
Exclusive Semileptonic Decays
Heavy quark flavor symmetry plus isospin symmetry implies (again heavy meson states are normalized to unity) that
where L is a state that doesn't contain a heavy quark (i.e., L = vacuum, pion, rho, 
Eq. (45) holds for v · k ≪ m c,b which insures that momentum transfers associated with the light degrees of freedom are small compared with the heavy quark masses.
The simplest choice for L in eq. (45) 
There is evidence from 2-D QCD in the large N c limit, 13 QCD sum rules, 13 
where p B = m B v. The l.h.s. of eq. (48) is independent of m b (for large m b ) and so
Eq. (48) implies that (for large
Neglecting the electron mass the matrix elements for B → πeν e and D → πēν e depend only on f + . However, eqs. (50) . Fortunately we can use f + ≃ −f − to get a relation between the physically measurable quantities
If SU(3) is used instead of isospin then f 
In eqs. (52) g/f π is the B * Bπ coupling which by heavy quark flavor symmetry is the same as the D * Dπ coupling. It determines the D * width
where f π ≃ 135 MeV. In the nonrelativistic constituent quark model g = 1 (a similar estimate for the pion nucleon coupling gives g A = 5/3). 
In eqs. (54) the Lorentz invariant form factorsf ± ,f ,ã ± andg are functions of v · v ′ .
Heavy quark spin symmetry implies that all of these form factors are expressed in
Furthermore the normalization of ξ at the zero recoil point, v · v ′ = 1, is determined by heavy quark flavor symmetry to be 1,19
The perturbative corrections to eqs. 
Inclusive Semileptonic Decays
The inclusive lepton spectrum from semileptonic B decays has undergone intensive experimental and theoretical study. Recently there has been considerable progress in understanding inclusive semileptonic decay. Inclusive semileptonic B-decay can be treated in a fashion similar to deep inelastic scattering. Using a two step process that consists first of an operator product expansion and then a transition to the heavy quark effective theory it can be shown that dΓ/dq 2 dE e (q 2 = (p e − pν e ) 2 ), when suitably averaged over E e , is calculable. 25 The leading order result is
and j = u or c. This agrees with free b-quark decay.
The b-quark and c-quark masses that appear in eq. (57) have a precise meaning.
These masses are the same heavy quark masses as appear in eq. (10) recently been calculated. 26, 27, 28 They add the following terms to the differential decay rate 27
In eq. However, much further work is needed on estimating the size of the Λ QCD /m c,b corrections in order to assess the viability of this method. 29 The method for calculating nonperturbative corrections to semileptonic decay rates outlined above has also be applied to the inclusive rare decays B → X s e + e − and B → X s γ. 30 
Fragmentation to Quarkonium
Quarkonium production in high energy processes is dominated by fragmentation of heavy quarks and gluons. For example, in Z 0 decay the short distance process Z 0 → ψgg is suppressed relative to the fragmentation process Z 0 → ψcc by a factor of order m 2 c /m 2 Z . Recently it has been realized that the process in dependent fragmentation functions for quarkonium production in high energy experiments are computable. 31, 32 For definitness consider the fragmentation of charm quarks to ψ's. 
In eqs. (60) and (61) 
The leptonic width of the ψ determines that f ψ ≃ 410 MeV. The total fragmentation probability P c→ψ = dzD 
This ratio is µ independent and using eqs. (60) and (61) we find ζ = 0.69 to be compared with ζ = 2/3 for the production of unaligned ψ's. The ratio ζ is measurable through the angular distribution of the leptons in the decay ψ → ℓ + ℓ − . Defining θ to be the angle between the alignment axis and the lepton momentum the angular distribution dΓ/d cos θ in the ψ rest frame has the form
where 
a value very different from ψ's produced by fragmentation. Applications of the ideas reviewed in this section to fragmentation to B c mesons 31, 32 and baryons containing two heavy quarks 34 have also been considered in the recent literature.
